Let M n,q ⊂ GL(n, F q ) be the group of monomial matrices, i.e., the group generated by all permutation matrices and diagonal matrices in GL(n, F q ). The group M n,q acts on the set V(F n q ) of all subspaces of F n q . The number of orbits of this action, denoted by N n,q , is the number of nonequivalent linear codes in F n q . It was conjectured by Lax that N n,q ∼ |V(F n q )| n!(q−1) n−1 as n → ∞. We confirm this conjecture in this paper.
Introduction
Let F q be the finite field with q elements. Let S n be the subgroup of all permutation matrices in GL(n, F q ) and D n,q the subgroup of all diagonal matrices in GL(n, F q ). The subgroup of GL(n, F q ) generated by S n ∪ D n,q is the group of monomial matrices and is denoted by M n,q . M n,q is the image of a faithful representation of the wreath product F × q wr S n , where F × q is the multiplicative group of F q and S n is the symmetric group on {1, . . . , n}.
The action of M n,q on F n q is inherited from that of GL(n, F q ). Let V(F n q ) be the set of all subspaces of F n q . Then M n,q acts on V(F n q ) in the natural way. The M n,q -orbits in V(F n q ) are the equivalence classes of q-ary linear codes of length n.
Let N n,q be the number of M n,q -orbits in V(F n q ). For general n, no explicit formula for N n,q is known. For specific n and q, not too large, N n,q can be computed using the Burnside lemma, but the computations are complicated and rely on computer assistance. The problem considered in this paper is the asymptotic behavior of N n,q as n → ∞.
For two sequences of real numbers f (n) and g(n), f (n) ∼ g(n) means that lim n→∞ f (n) g(n) = 1; f = O g(n) means that there exists a constant A > 0, such that |f (n)| A|g(n)| for n sufficiently large.
Observe that the action of M n,q on V(F n q ) has a kernel := {aI : a ∈ F × q }, where I ∈ GL(n, F q ) is the identity matrix. Recently, Lax [7] conjectured that
where [ n i ] q is the q-binomial coefficient. Then (1.1) can be written as N n,q ∼ G n,q n!(q − 1) n−1 .
(1.2)
For each n × n matrix T over F q , let L(T ) be the set of all T-invariant subspaces of F n q . From the Burnside lemma, we have
. On the other hand, denoting the conjugacy class of T in M n,q by [T ] and the total number of conjugacy classes of M n,q by c(n, q), we obviously have
(1.4)
We will prove (1.3) by providing adequate estimates for c(n, q) and max T ∈M n,q \ |[T ]| |L(T )|. The problem considered here originated form the work [9] by Wild on the asymptotic behavior of N n,2 . When q = 2, M n,2 = S n is the symmetric group. Wild [9] gave a proof for the statement N n,2 ∼ G n,2 /n!, but the proof was later found to contain a gap by Lax [7] . A complete proof for N n,2 ∼ G n,2 /n! was given by the author in [3] . Therefore, (1.2) has been proved for q = 2.
Our proof of (1.2) for arbitrary q is based on the same basic idea in [3] . However, at the technical level, we have to deal with the complications arising from the transition from S n to M n,q , i.e., from S n to F × q wr S n . In Section 2, we apply James and Kerber's work [5, 6] on the conjugacy classes of G wr S n , G being an arbitrary group, to the special case F × q wr S n . The results are an estimate for c(n, q) and a formula for |[T ]|, T ∈ M n,q . In Section 3, we recall certain results by Brickman and Fillmore [1] on invariant subspaces and by the author on the estimation of |L(T )|. The proof of the main result, statement (1.2), is given in Section 4. In Section 5, we consider a natural variation of N n,q . Let N n,q denote the number S n -orbits in V(F n q ). We show that, without much surprise, N n,q ∼ G n,q /n!. On can also consider the number of equivalence classes of linear codes in F n q under the actions of semilinear monomial transformations of F n q . We denote this number by N n,q . Shortly after the initial submission of the present paper, the author was able to prove that
where q = p r and p is a prime. This result will be proved in a forthcoming paper [4] .
The conjugacy classes of M n,q
Recall that M n,q is the image of a faithful representation of F × q wr S n . By James and Kerber [5, Section 4.2] or Kerber [6] , for an arbitrary group G, the conjugacy classes of G wr S n are known, and when G is finite, the sizes of these conjugacy classes are also known. When G is finite abelian, as is the case in our situation of F × q wr S n , the statements of these results are considerably simpler. In what follows, we collect certain results from [5, Section 4.2], specialized for F × q wr S n and reformulated in M n,q . For i 1 and a ∈ F × q , let
The direct block sum of matrices is denoted by ⊕. A partition of n, denoted by ٛn, is a sequence of non-negative integers = ( 1 , 2 , . . .), such that i 1 i i = n. Fix a linear order on F × q , say, 0 < 1 < · · · < q−2 , where is a fixed generator of F × q . For = ( 1 , 2 , . . .)ٛn, define S = (a 11 , . . . , a 1 1 ; a 21 , . . . , a 2 2 ; . . .) : a ij ∈ F × q , a i1 · · · a i i for all i 1 and for a = (a 11 , . . . , a 1 1 ; a 21 , . . . , a 2 2 ; . . .) ∈ S , define
(2.1) 
Then the cardinality of the conjugacy class of Q ,a in M n,q is
It is well known that (cf. e.g., [2] or [8, Chapter II])
Therefore (2.4) follows immediately.
The invariant subspaces
In [3] , we obtained an upper bound for |L(T )| for every n × n matrix T over F q based on Brickman and Fillmore's work [1] on the lattice L(T ). We also need this bound for the present paper. In this section, we outline the results leading to the bound.
Wild [9] proved that there are two positive real numbers a 1 (q) and a 2 (q), depending on q, such that
(3.1)
From his proof, it is also clear that there is an absolute constant D > 1, such that where k 1 + 2k 2 + · · · + sk s = n d . Then
4)
where D is the absolute constant in (3.2) . In particular,
(3.5) Lemma 3.1 is rather obvious. The proof of Lemma 3.2 relies on the characterization of the lattice L(T ) by Brickman and Fillmore [1] and inequality (3.2) . We refer the reader to [3] for the details. 
(3.6)
Then
Proof. By bringing T to its canonical form, we may assume that Thus we have (3.4) and (3.5)) by (3.6) ).
Proof of the main result
Theorem 4.1. We have N n,q ∼ G n,q n!(q − 1) n−1 .
As we saw in the introduction, Theorem 4.1 is equivalent to statement (1.3). To prove (1.3), it suffices to show that there exists a constant > 0, such that
(4.1)
In fact by (3.1), we have 1
). With (4.1), we would have
Proof of (4.1). Let T ∈ M n,q \ with elementary divisors described in Corollary 3.3. We will use the notation of Corollary 3.3 but assume that a 1 , . . . , a u are non-zero. Throughout the proof, log x = log q x. Without loss of generality, assume
From the above and (3.7), we have
Obviously, |[T ]| (q − 1) n n n . Hence,
Case 2: k 11 > n 2 . Since T / ∈ , we have k 11 < n. The canonical form of T is a 1 I k 11 ⊕ T where I k 11 is the identity matrix of size k 11 × k 11 and T is an (n − k 11 ) × (n − k 11 ) matrix without characteristic value a 1 . By (3.3) and (3.2), we have
By Proposition 2.1, we may assume T = Q ,a for some = ( 1 , 2 , . . . , )ٛn and a = (a 11 , . . . , a 1 1 ; a 21 , . . . , a 2 1 ; . . .) ∈ S , i.e., T = C 1 (a 11 ) ⊕ · · · ⊕ C 1 (a 1 1 ) ⊕ C 2 (a 21 ) ⊕ · · · ⊕ C 2 (a 2 2 ) ⊕ · · · .
Without loss of generality, write (a 11 , . . . , a 1 1 ) = (a 1 , . . . , a 1 , * . . . * ),
where the * 's are different from a 1 . Then by (2.3),
We claim that n − 2(n − k 11 ). In fact, among the k 11 elementary divisors x − a 1 of T, k 11 − of them are from
i.e., from the factorization of x i − a ij , i 2, gcd(i, q) = 1, 1 j i . Observe that each such polynomial x i − a ij contributes an elementary divisor x − a 1 and at least another elementary divisor different from x − a 1 to the list of elementary divisors of T. Therefore, it is clear that k 11 − n − k 11 which is (4.5). Combining When n is large enough, such that − 1 4 n + 2 log n + 2 log(q − 1) < 0, since n − k 11 1, we have 
The number of S n -orbits in V(F n q )
The symmetric group S n also acts on V(F n q ). Denote the number of orbits of this action by N n,q . It is natural to ask what the asymptotic value of N n,q is. The proof in Section 4 provides a quick answer to this question. for some constant > 0. The rest of the proof is as described at the beginning of Section 4. We remark that the proof in [3] for Theorem 5.1 with q = 2 also works for arbitrary q.
